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In this chapter we touch some general aspects of Cauchy’s problem for
second order equations. Moreover, some tools of the theory of functions of
severable real variables are presented.

81. Real Analytic Functions. Implicit Functions. Curve Integrals

Definition I.1.1: Let ay,, ,, € R, vy = 0,1,2,...,vy =0,1,2,.. ;N
1 a fixed positive integer. The multiple series

o

E a‘l/1...VN

vi,..uny=0

1s said to be absolutely convergent if the finite sums satisfy

N/

Z |a’V1...VN| S M

1/1,...1/]\/:0

for every N' € NU {0} and for some M > 0.

It is well known then that ZZT...I/NZO ay,. vy 1S convergent; the value of
the series does not depend on the order of summation. We now consider
power series

(e.¢]

(I.1.1) Z .oy (21 — D) (g — D)

Vl,...,VN:O

in R" around a fixed 7o = (29,...,2Y) € R". We say that the series (I.1.1)
is convergent in x if some arrangement into a simple series is so. Then the
following proposition holds:

Proposition 1.1.1: If (1.1.1) is convergent in z' with |z — 2% > 0,v =
1,...,n, then it is absolutely convergent on
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1. r|lr € T, — x| <|x,—x,t
(1.1.2) {z|z € R", | ol < |z, — 2}

v

On every compact subset of (1.1.2) the series (I.1.1) converges uniform-

ly absolutely, 1. e.: If I is such a compact subset, if ¢ > 0, then there is an
N'" € N such that

S v (o =2 (=2l <, €T
vi+...4v, >N’

Definition 1.1.2: Let R be the open kernel of {z|x € R", (I.1.1) absolute-
ly convergent }. R is called the domain of convergence of the power series
(1.1.1)

It is in fact a consequence of (I.1.1) that R is open and connected. R
may be empty.

Proposition 1.1.2: Let Ri{xo}. Set

oo

(1.1.3) f@)= Y . (m—ad)" (= al)”

on R. Then f € C*(R) and

2L I/n!D f (o)

fora=(v,...,v,).

All derivatives of f on R can be gained by formal differentiation of the
power series. The domain of convergence of the formally differentiated
power series 1S also R.

Definition 1.1.3: Let U be an open set of R", let f be a real function
on U. Then f is called real analytic on U if for every xg € U there is an
open set U(xy) C U such that

o0

Fa)= > (e -2 (= al)

with a power series being absolutely convergent on U(xy). The class of such
functions f is devoted by CA(U).

From Proposition 1.1.2 it follows that on R the power series on the right
side of (I.1.3) is the Taylor series of f in xy.
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We now repeat some well known facts on implicit functions which will
be used frequently later on.

Proposition 1.1.3: Let o € R*, yo € R!, let U,V be open subsets of
R", R! respectively with xg € U, yo € V. Let g € (C*(U x V))! for some
k€ NU{oo, A}. Let g(z,y) = (g1(,y), .-, qi(z,y)) and

(1.1.4) det 3@1(2’(23’ - ’;;m’y)) £0, (v,y) €U XV
(1.1.5) 9(z0, yo) = 0.

Then there are open neighbourhoods Uy of xg and Vi of yy such that Uy C U,
Vo C V' and such that there is a unique

(L16)  fe (CHU))
with
(117) f(U()) C ‘/o,

(I.1.8)  g(z, f(z)) =0 on Uy,

{(x,y)|aj S U07 y e %7 g(x,y) - 0} - {(l’,f(l’))‘[l? < UO}

According to the chain rule the following formula holds

a(gl(x7 f(:l?)), - 7gl<$v f(ﬂ?)))

(1-1.9) O(x1, ..., %) +
Lol f(@)),. - gz, f(@) 0(A(2), - fil@)
. O(y1,---,y1) O(x1,...,2p)
on Uy.

Closely related with Proposition 1.1.3 is the problem of the existence of
an inverse function. The result for arbitrary n is somewhat weaker than in
the case n = 1.

Proposition 1.1.4: Let G be a domain of R™. Let

f:G—-R"
be a continuously differentiable mapping with
(1.1.10) dot QU1 40 on G.

O(x1,...,xp)
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Then f(G) is also a domain. For each xy € G there is an open neigh-
borhood U of xy and an open neighborhood V' of yo = f(xg) such that
flU : U — V is a bijection. The inverse mapping (f|U)~! is continuously
differentiable on V' and

qiny A GO ) ()

(Y1, ---Yn) (T1,+ -5 2n)
ify = f(x). If f|U is from the class C*(U) for some k € N then (f|U)~! is

from C*(V) too. A mapping like f|U is called a coordinate transformation.

For later reference we introduce the notion of a principal function (or po-
tential function) for vector fields f. Moreover we give a necessary and
sufficient condition under which a potential function exists.

Proposition 1.1.5: Let G be a simply connected domain of R". Let
f:G — R" be a continuously differentiable mapping. Necessary and suffi-
cient for the existence of a continuously differentiable mapping F': G — R
with

(I.1.12) f(x)=VF(z)on G
are the integrability conditions
(I.1.13) gg” () = gg"(m), reG, 1< puv<n.

F' s called a principal function or potential function.

Let G be as in the preceding proposition. Let x;,z9 € G, let W, ., =
([a, b, p, p([a, b]) be a curve with

p(la,b]) C G,

p(a> = T1, Pp = 2.

We always assume that W, ,, has finite length. If f : G — R" is con-
tinuously differentiable then (I1.1.13) is equivalent with

1.1.14) /sz f(x) - dor does not depend on W

but only on x € GG, provided z is some fixed point of G.

(

In this case



(I.1.15) F(x)= [, f(z) dx

Zo,T

is a principal or potential function. If p is continuously differentiable then

(1.1.16) / Z op), t)dt,
if xg = = p(b).
We mention the rule of substitution for curve integrals: Let G', G be do-

mains of R". Let ([a, b, p*, p*([a, b])) be a curve in G’, let p* be continuously
differentiable. Let g : G’ — G be a continuously differentiable mapping, let

p=gop,

y1 = p*(a), ya =p (),
Wyl Ya T ([a b] p » P ([avb])a

z1 =p(a) = gop(a), zo = p(b) = gop*(b),
W,y = (la, b], p, p([a, b])).

[ = [0 eso 02 e

k=1 v=1

-/ (12 290) (v (£ o g(y))° - dy.

)

Let G be a domain and W, ,,([a, ], p, p([a, b]) be a curve in G with a con-
tinuously differentiable p. Then we set

(1.1.17) / 1 (@)lde] = / {Z\ op) ()P} {3 p ()P,

r1Tr9

where p(a) = zg, p(b) = z2.



82. Position of the Problem

If F is a sufficiently regular function of z,u,u’,u" on an open set D of R*
with F,» # 0, then the equation F'(z,u,u,u") = 0 locally admits a solution

(I.2.1) v = f(z,u,u)

around a point (xg, ug, uy, us) € D, F(xg,ug, u1, us) = 0 according to Pro-
position 1.1.3. In particular f is continuously differentiable if F' is so.
(I.2.1) is interpreted as an ordinary second order differential equation; if
(20, ug, u1) are in the domain of definition of f, then (1.2.1) admits a unique
solution u on an interval [z, z¢ + €] with u(zg) = wg, v'(xg) = uy. If f is
k-times continuously differentiable on its domain of definition, then w is
also k-times continuously differentiable with respect to x, ug, u.

The situation is different with partial differential equations as it will be
clear from what follows. Let F' be a continuously differentiable function
of x,y,u,p,q,r, st on an open D set of R®. Here p, q,r,s,t stand for the
derivatives

Uy = P, Uy = (¢
Ugy =Ty Ugy = S, Uyy =1
of an unknown twice continuously differentiable function u in the variables
x,y with

(1.2.2) F(x,y,u, Uy, Uy, Uy, Ugy, Uyy) = 0.

u is defined on a ,halfopen‘“set (xg — €,x9 + €) X [0, €] for some €,€¢ > 0,
we prescribe

(1.2.3) u(z,0) = up(x)

(1.2.4) Uy (2,0) = ug(z)
and look for a twice continuously differentiable function u on (xy — €, 29 +
€) x [0, €] with (1.2.2) on (z¢ — €, ¢ + €) x [0,€], (1.2.3), (1.2.4),

(I.2.5) (2, Y, Uy Uy, Uy, Uy Uy, Uyyyy) € D

if (z,y) € (xog—€, x9+€)x][0, €]. This problem is called Cauchy’s Problem
for (I.2.2). Instead of prescribing v and w, on y = 0, one can also try to fix
u and Vu on a curve I' : ¢(x,y) = 0 with a continuously differentiable ¢



with Vi # 0, provided this is compatible with the domain of definition of
F; this means that u(z,y) = ui(z,y), 2(z,y) = us(z,y) on I with given
functions uy, us (n is the normal vector on I' in (x,y)). We will come back
to this question later on.

Let F; # 0 on D. Then the equation F(x,y,u,p,q,r,s,t) = 0 locally ad-
mits a solution t = f(x,y,u,p,q,r,s), and we can consider the differential
equation.

(126) uyy = f(x7y7u7u$7uy7uxfwuxy)

with u(z,0) = ui(x)
uy(7,0) = uz()
on (xg — €,y + ¢) for some ¢ > 0. As for this problem the Cauchy-
Kowalewskaja Theorem holds, which we mention without proof:

Theorem 1.2.1: Let f be real analytic on an upon set U(xg,0) x V C R7,
where U(xg,0) is an open neighbourhood of (xg,0) in R? and where V is
an open set of R®. Let uy,us be real analytic on U.(xq) = (19 — €, 70 + €).
Then there is one an only function u which is real analytic on (xg— &, xo+
g) X (—&,+4€) C U(xp,0) x V for some € > 0 and satisfies

Uyy = f(ZL', Y, Uy Ugy Uyy Uggrs umy)a
u(z,0) = ui(z),
uy(2,0) = ug(x)

on (xg — &, 29+ €) x [0, ).

Comparing this result with the corresponding one for ordinary differen-
tial equations, the following questions may be posed:

a) Is it possible to replace the analyticity of f (and of F, if F(x, y, u, ug, Uy, Ugg, Usy,
uyy) = 0 is the original problem), u;, us by the continuous differentia-
bility of order k for some k > 27

b) If u = u(uy,us) is the solution according to Theorem 1.2.1 and if p is
some positive number, is there a §(p) such that

HU/ _ a‘ ’C’“([mo—a,xo—&-a]><[0,§1]) < p?

provided ||u1 — U |ck((ry -2 m015) w2 —Us| |0 ((2y—22042) < 0(p)7? Here
k is some integer > 2, £1, &9 are positive numbers with 0 < € < €y <€,
and u = u(uy,usz) is the solution according to Theorem [.2.1 with
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u(z,0) = u(x), uy(r,0) = uUs(x). € in Theorem 1.2.1 may depend on
uy, us (besides f), thus we take for the moment the minimum of both
of the values of € belonging to uq, us and uy, Us.

As the following examples show, the answer to these questions is
in general negative. We set

F(z,y,u,p,q,r,s,t) =1+t

Thus the equation to consider is

Au = Uyy + uy, = 0,
u(@,0) = ui(x), uy(z,0) = ug(z).
We set uy () = 0, ug(z) = e~ /*" on U,(0) for some € > 0. Without giving a
proof we claim that this problem has no solution at all. The reason is that
from g, +u,, = 0 on U(0, 0) it follows that w is real analytic on some open
neighborhood U’(0,0) € U(0,0) of (0,0) but this is a contradiction since

ug is not real analytic in Us(0), no matter how small € is. Thus question
a) has been answered in the negative sense.

As for question b) we take the problem

Au = Uyy + Uy, = 0,

u(z,0) =0, uy(x,0) = A, sinnz,

n=1,2,..., and set uﬁ”)(:c) = A, sinnz. A, is a real number # 0 to be
determined later on. We try to solve this problem in the form

u(z,y) = f(x)g(y )
which leads to Au = f"(z)g(y) + f(x)g"(y) =

_ Bufzy) @) ')

- fl@gly) @) g(y)
provided f(x), g(y) do not vanish. To satisfy the last equation we solve the
linear ordinary differential equations f”(x) = —n’f(z), ¢"(y) = ng(y). As
solutions we take

An
f(z) =sinnzx, g(y) = — sin hny.
n

Thus we set



A
up(z,y) = ! sinna sin hny
n
An easy calculation shows that Awu, = 0 on R? u,(z,0) = 0, u,,(z,0) =

A, sinuz on R. Now we choose A, = ¢ V™. Then

dk
sup wuny(,O)‘ — 0, n — o0,

—e<z<e

for every k € NU {0} and every € > 0. On the other hand

(=) il
u _ =
n 2n7y

for every y > 0. Taking u; = 0, us = 0, u = 0 we see that for every €, €

with 0 < ¢ <& we have

sin hny — +00, n — 00,

|[tn — Ul|or (e 2 x[0.a]) — 00, N — 00,

although

[[un(.,0) = Wl|er—z,z)) + [uny(.; 0) = Ual|er(—z,5) — 0, n — 0;

Thereby question b) is also answered in the negative sense.

In order to fulfill a) and b) we have to impose an additional assumpti-
on on F' namely F.F; — }lF 2 < 0. This is called the hyperbolic case, in
contrast to the elliptic one which is characterized by F,.F; — %Ff > 0; the
case F'(x,y,u,p,q,r,s,t) =r +t evidently is elliptic.



83. Auxiliary Propositions on Multiple Integrals

Let ([a, 0], p, p([a, b]) be a curve in R* with p € CY([a, b], R*)NC((a, ), R?)
and |p/(t)| # 0 on (a,b). If |p/| is Riemann-integrable on (a,b), the curve
has finite length

b
5= [ Wl
We often write p(t) = (x(t),y(t)), p'(t) = (2'(¢),y'(t)). In every point
t € (a,b) we can define a normal by

+y/'(t) —2'(1)
(@2(t) +y2(0)2 (@2(t) +y2(1)' 2 )
Observe that this vector is orthogonal to (2'(t), y'(t)), the tangential vector.

The situation in R? is as follows:

Let G a domain of R? and let Z : G — R? be continuous mapping with

G > (u,v) — T(u,v) = | y(u,v)
z(u,v)

We moreover assume that x,, T,, Y., Yu, 2u, 20 €xist on G, are continuous
and bounded on G, and that

Ty X Ty £ 0

on (G. Then the unit vector

€(Ty(u,v) - Ty(u,v))

n(u,v) = — — ,(u,v) € G,

(u,v) Ty (u, v) X Ty (u,v)| (u,0)

with € = 1 or € = —1 is normal to the tangential vectors T, (u,v), T,(u, v).
If Di(u,v), i = 1,2,3, are the components of T,(u,v) X T,(u,v), then

)\17 )\27 )\3 e R

ry(u,v)  yu(u,v)  zy(u,v)
3

ry(u,v)  y(u,v)  z(u,v) | = Z AiD;(u,v).
i=1

A1 A2 A3

Our assumption: T, X ¥, # 0 simply means that
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3
Z D?(u,v) >0
i=1

on G. The surface area Q) of T(G) is defined by

3
:/ 0 X By | dudv = /(Z D2(u, v))* dudv,
G G =1

provided the integral exists. This is the case if G has Jordan measure 0.
Now want to extend our notions to arbitrary dimensions n. Let G be a

domain of R"~!. We consider mappings T : G — R" which are continuous
on G, continuously differentiable on G and where

(131) Z?:l D?(tl, - ,tn_l) > 0,

(t1,...,tn—1) € G. Here Dy, ..., D, are defined by:

Bo(ty,...itar) oo F(t t)
1.3.2) ' = > 1 A D(t,
( —a?:il(tl"-"t”—l) %(tla---,tnq) > -1 A D;
A1 A,

on G for all (A1,...,A\,) € R. Thus

(133) Dj(tl, ce 7tn71) = (_1)n+j det U CANGy EUES RN (Zfl, ce ,tnfl);

of course the components of Z(t1,...,t, 1) are denoted by
xl(tl, e ,tn_l), ce ,xn(tl, Ce ,tn_l).

(I.3.1) simply means that the matrix (833’c (t1,. .. ,tn_l))l%igkz—l, has maxi-

mal rank, namely n — 1. The unit vector

(1.3.4) n(Z) =n(Z(t)) =nty, ... th 1
Dy t17-~ 1
th '
t = (t1,...,tp_1) € G, with e = 1 or ¢ = —1 then is normal to the

tangential vectors (0% /dt1)(t1, ... ,th-1),...,(0T/Ot,—1)(t1, ... ,tn—1). The
surface area (2 of T(G) may be defined by

11
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(1.3.5) Q= /G(/jn1 D3(t))zdt,

provided the integral exists. This is the case if 0G has Jordan measure

0 and if (Z Djz(t))% is Riemann-integrable on G (in particular this func-
j=1
tion has to be bounded on G).

In the next definition we introduce the concept of a regular hypersurface
which is needed for the Theorem of Gauf:

Definition 1.3.1: Let T' be a domain of R" 1 with boundary OT. Let OT
have Jordan measure 0. Let there a mapping

7:T — R"
be given with the following properties: T € (C°(T))" N (CHT))". T is injec-
tive on T, |T(t1) — ZT(ts)| < K|ty — ta, t1,t2eT for some constant K > 0,

where

: 0T, o T 1,1, ..., Xy
Dj(t) _ Dj(tla o ;tn—l) _ (_1)n—|—j . det (51317 y Lj—1y Lj41, y L )(t)
Otr, ... tus
and where x1(t),...,x,(t), t € T, are the components of T(t). Finally we
observe that in the sense of Riemann

0= /(Xn: D3(t))2dt < +oc.

Q) is called the surface area of T(T), and the set of equivalent triples (T, 7,7 (T)

is called a reqular hypersurface in R™. Two triples (T1, %y, T1(T1)), (T, o, T2(T5))
are called equivalent if there are open connected sets Uy, Uy C R"™1 with

T, Cc Uy, Ty C Uy and a continuously differentiable mapping 7 : Uy — Uy

with

T(T4) = Ts,
T is injective, in particular Ty = v~ (T)
8(7“1 RN Tn—l)
det - 0onty,... thq €U,
A1, ...ty 7 ! nel =l
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where T(ty, ..., th—1) = (r1(ty, ... to1),- .. Tn1(t1, ..., tn1)) on Uy, and
with

T1(u) = T2(v)
foru €Ty, v €Ty, u=7Y(v). In particular the traces T,(T1), T2(T>) are
equal.

It is easy to show that for two equivalent triples (T, Ty, T1(T1)), (T, T, T2(T))
we get

(13.6) [y fom(t)(Xjoy D(t)2dt = [y, foTa(t)(Z, D3 (1))7d

lleJ(t) = ( )n+j det(@(xl Iyeves L1 =1, L1 415 - ,Z’Ln)/a(tl, R ,tn_l)(t),
2D (t) = ( 1)n+‘7 det( ($2 Iy---yX25-1,L2 5415 - - - ,xz’n)/a(tl, c. ,tn_l))(t),
fl( ) 3511( ), SCln( )),SCQ(t) = (562,1(1&),...,xg,n(t)),al’ldiff Zfl(Tl) =
Z2(Ty) — R is a continuous bounded function. Thus we can define the in-
tegral of continuous bounded functions f : T(T) — R over regular hyper-
surfaces by setting

(13.7) / reaa= [ RGIEE / 7os0(3 D)
where (T,7,72(T) a representative of the regular hypersurface In what

) is
follows we write (T, Z, 7(T I")) for the regular hypersurface. Moreover, we set
F =7%(T), OF =%(dT), F = F + OF (disjoint union).

Remark 1.3.1: If T is a ball, say T = {t|t € R"1 |t| < 1}, then it
is possible to relax somewhat on the assumptions on Z. It is no longer ne-
cessary to assume that 7 is uniformly Lipschitz continuous to define the
integral ff@ f(£)dS2 by setting

dQ) = o T(t) - D2(t))2d
L(T)f(i) / f oz (t) (Z HO

for continuous bounded functions f : Z(T) — R. If g : T'— R is continuous
and if lim._, f|t|<1_€ lg(t)|dt exists, we set

/ g(t)dt = lim g(t)dt.
[t]<1

e=0 Jitj<1-e
If F: {tjt € R"! |t| < 1} — R is continuous, then it follows that
lim,_,g f|t|<1_€ F(t)g(t)dt also exists, and we set

13



/ F(t)g(t)dt = lim F(t)g(t)dt.
[t]<1

e=0 Jit)<1-e

Thus it has to be supposed that

JOSLAT

exists in the sense just defined. This integral is called improper Riemann
integral over T = {t|t € R""! [t] < 1}. The reader may verify that it is
linear and monotonic. If T'is the ball {t|t € R""!, |t| < R} for some R > 0,
the definition of the improper Riemann integral is completely analogous.

Now we consider a bounded open subset GG of R"™ on which we impose
two conditions:

Condition 1.3.1: 0G admits a representation

N
oG = | | Fa
m=1
with F,, = To(Tyn), where (T, T, Tn(Thn)) is a reqular hypersurface, 1 <
m < N; moreover, we assume that

FiNF;=0F,NdF;, 1<i,j <N, i#j.

From Condition 1.3.1 it follows in particular that 0G has Jordan measure
0. The second condition concerns the normal vector n(z) having been in-
troduced already.

Condition 1.3.2: For every point x,

-
3"

red'G =

3
I

I
(=
3
3

(Tm)n

1

m

the following assertion holds: There is no sequence {xy} with x;, € R"—G(&
G respectively), k =1,2, ..., such that

T — ) = pr - n(x)
with p > 0 for infinitely many k and

14



r — 1z = pr - n(x)

with pp < 0 for infinitely many k, and

Tp — T, T — O0.

Here ni(x), v € 3°G is the vector with components

ni(r) = ni(Tn(t)) = ni(t),

= Di(t)/(3_ D)

and x = T,,(t) € F,,. Naturally, the quantities D;(t) also refer to (T, T, T (Ty))-

Definition 1.3.2:
1. Let G fulfill Conditions 1.3.1 and 1.3.2. Let

N
:UG@OG:UFm,

m=1

e.qg. © € Fy for some k € N. Set

(To z, f(T)) — (Tka T, x_k(Tk) ) :

The vector n(xz) = n(z(t)) = n(t1,...,ta—1), defined in (1.3.4), with
e=1,x=7(ty,...,tn_1) s called the outer normal on OG in x if v +
m™(z) &€ G for all T € (0, h] with a sufficiently small h > 0; otherwise
we take € = —1 (observe that € is uniquely determined according to
Condition 1.3.2, and that either for ¢ = 1 or e = —1 we have in fact
z+1n(z) € G, T € (0,h] for a sufficiently small h)

2. Let f : 0°G — R, where G fulfills Conditions 1.3.1 and 1.3.2, be a
function, which is continuous and bounded on each F,,. Then we set

N
| J©aa=3 /F F(€)a,.

where [ f(€)dy, is defined by (1.3.7).

3. We say that for a G fulfilling Conditions 1.3.1 and 1.3.2, a regular
hypersurface (T, T, Tm(Thn)) is positively oriented with respect to G
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if the outer normal n(x), © € F,, = Tpn(T)), s given by (1.3.4) with
e = —1.

As for Definition I.3.2, 3., let us remark that in case we want that equivalent
triples (1o, T, T (Tin)), (Tony Ty T (Tr,)) have the same orientation with
respect to G, then in Definition 1.3.1 we must confine us to mappings 7
with

AT,y Tno1)
Oty ... tn
A different characterisation of the outer normal is given by the following
proposition.

det > 0.

Proposition 1.3.1: Let G fulfill the conditions 1.3.1 and 1.3.2. In parti-
cular we have

N
— UF_
m=1

with regular hypersurfaces (Tyy, Tm, Tm(Tw)), Frn = Tm(Tn). We assume
that for some index m there exists an open set U, of R™ with U,, D F,,
and a continuously differentiable function G, : U,, — R with

VG ()| #0, x€ Fy,
Gm(z) <0, xe€GNUp,,

Gn(x) =0, x¢€F,.

Then the components n;(x) of the outer normal in x € F,,, 1 <i <mn, are
given by

1 oG, (z)
VG, (2)] Ox; 7

Proof: Differentiating the equation G,,(x(t)) = 0 with respect tot1, ..., t,_1
on T}, yields

n;(x) =

(%,, B

1 <k <n—1. Since by (1.3.2) also
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&UV
Z 8tk D) =0,

1 <k <n-—1, and since the matrix (a—x;(t))

ot L<v<n,
8Gm n 2 1
&n(@(t)) = - (x())/|VGm(x(t)| = 6 - Dy (x(t) /(> D3(t))>,
v ]:1
1 < v < n, with the same § = +1 or = —1 for all v and all t € T,

(observe that T, is connected). The mean value theorem shows that for

some ¥ = V¥(x,7,£) € (0,1)

m(x + 1) = ZT&, 19:1:+7’(1—19)£)>0

if 7 € (0, h] with a sufﬁmently Small h > 0and withx = 2(t) € F,, (&1,...,&) =
(&1(z(t)), ..., & (x(t))). Our proposition is proved. O

Now we formulate Gaufl’s Theorem:

Theorem 1.3.1: Let G be a bounded open subset of R™ which fulfills
Conditions 1.5.1 and 1.3.2. Let f € C°(G)NCY@G), let Of /0x; be Riemann-
integrable over G. Then

L/‘af/a$ﬂh7=: £(6) - nu(€)den,
G oG

where n; s the i-th component of the outer normal n on 0G. If f €
(CU(G))" N (CHG))™ and if V - f is Riemann-integrable over G, then we

have

vamzéy@m@m1

We give an application of Gaufi’s Theorem in the case n = 2 The regular
hypersurfaces Cy,, = (T, T, T (1)) then are curves, T, being an open
interval (a,,b;,) (observe that T, is an open connected subset of R), w:
have p,, = dmm = 0 on T, moreover p,, is Riemann-integrable on T},. We
assume that each C,, is positively oriented with respect to GG, i.e. the outer
normal on F,, = T,,(7T,) is given by

1 / |
(@, ()% + yh, ()?)1/2 (Y (1), =23 (1))

if T (t) = (2(1), Yy (1)).

nm:

17



If f,g € C°(G)N CYG) and if f,,g, are Riemann-integrable on G we
get

N bm
138) [ e+ gdndy = [ [ (F 0z ~ g om0t

m= m

If we set

N
/angx = mz

N b
fiy = Y [ Fomay (o

oG 1

we arrive at the formula

(1.3.9) /(fx + gy)dxdy = / —gdx + fdy.
G oG oG
If we set f =¢q, g = —p, we get the well known formula

(I.3.10) /(qx—py)da:dy:/ pda:+/ qdy.
G oG oG

Wir wollen den Begriff des reguldren Hyperflachenstiicks aus unserer Vorle-
sung , Partielle Differentialgleichungen 1, der bisher (n — 1)-dimensionalen
Mannigfaltigkeiten vorbehalten war, auf k-dimensionale Mannigfaltigkei-
ten verallgemeinern. Sei kK < n — 1.

Definition 1.3.3: Sei T C RF ein beschrinktes Gebiet mit Rand OT,
der das Jordan-Maf$ besitze. Sei

z:T —R"
eine Abbildung mit den folgenden Eigenschaften: T € CY(T)NCH(T), T ist
injektiv auf T, |T(t1) — ZT(t2)| < Klt1 — tof, t1,to € T, mit einer Konstante
K >0,

o@",..., 7\
g(t) = Z (det — ) >0, t = (t1,...,tx) > 0.

1< <. <ip<n a(t17 s 7tk)

Dann heifst

Q:Avﬂﬂﬁ

8



der (Oberflichen )inhalt von T(T). Das Tripel (T, %, T(T) heift k-dimensionales
requlires Hyperflichenstiick im R™. Die Aquivalenz zweier Tripel (T, Ty, 71 (Th)),
(To, Ty, T2(T2)) wird analog zu Definition 1.5.1 erkldrt (mit k statt n —1).

Sei

. . 2

oE!,..., ")

i t _ d t 7 ) ) , ) — 1’2

gi(t) Z <e Aty, ... tr) '
1<ii<.<jr<n

Dann ist (Vgl. [(1.3.6), Forster, Analysis III])

f o E1Mdt == / f O fg@dt,
Tl T2

wobei wir die unabhéngige Variable in T}, 1 = 1,2, jedesmal mit ¢ bezeich-
nen. f ist aus CO(T1(T1) = Zo(T3), R) N L>=(T1(T1) = T2(T»), R). Insbeson-
dere konnen wir (Vgl. (1.3.7))

/f £)dQ) = / F(£)dQ = /fox\/_dt

einfiihren, f wie oben. Wir setzen noch F = #(T), 0F = z(0T), F
F 4+ OF (disjunkte Vereinigung).

Definition 1.3.4: FEine k-dimensionale Fliche M des R" ist eine Ver-
emigung

N
- T
m=1

mit F, = Tpn(Thn), wobei die (T, T, Tin(Thn)) dimensionale requlire Hy-
perflichenstiicke tm R" sind, die die Eigenschaft

F,nF;=0FN0F, 1<i,j <N, i#]

besitzen.

Definition 1.3.5: Sei M eine k-dimensionale Fldache. Dann setzen wir

Fiir Funktionen f : M — R, die stetig und beschrinkt sind, definieren wir
das Integral [ o JASY durch

19



IRCE z [ gaom,
N
— n; /Fm fdS,.

Um weitergehende Schliisse zu ziehen, setzen wir voraus, daf3 fiir 1 < m <
N

N(m)______
orF, = Z BF&V) mit
v=1

OFW N oFY) =0 fiir v # 1/

ist mit den (abgeschlossenen) Spuren OFY (k — 1)-dimensionaler regulérer

Hyperfldchenstiicke (R%),?%),F%) (Ef,i) = 3F7$@V) ).

Der Tangentialraum an F}, wird bekanntlich aufgespannt von den k Vek-
toren 0T,,/0t;, j = 1,...k. Ein Tagentialfeld a = a/(97,,/0t;) besitzt die
Divergenz (a’ € C1(T},))

1 0 ,
divg = —— a’
\/g—matj(\@m )

Dann gilt, wenn wir i. f. nach £ < n — 1 voraussetzen,
Hilfssatz 1.3.2: T,, C R* erfille die Bedingungen 1.3.1 und I1.3.2. Die
Abbildung Fg{) faktorisiere in der folgenden Weise:

7 RY) s ol bijektiv,

ml

Ff;:% T — OFY bijektiv,

mat
Nem)____
O, = | J o1, 01 n o1 = ¢ fir v # v,
v=1

seien die (RSJ{), F%, F%(R%)) = 8T,§»LV)) requlire Hyperflichenstiicke gemdpfs
Definition 1.3.2 und 0T, besitze die duflere Normale N,, gemdf§ Defi-
nition 1.3.2. Es seien die T,, aus C*(T,,). Sei a ein Tangentialfeld mit
o’ € CY(T,,). Dann ist
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/Fm divadSl,, = Z /8T(”) a’ Nija /gmdflaT(y

..... N(m)

Z / aij 9m - \/gaT(V)dsl dSk 1

..... N(m)
Jj=1,...,

Beweis: Es ist

/ div ade:/ 2(\/gmaj)dt
F, 7, Ot

Nun wenden wir den Satz 1 von Gaufl auf 7}, an und erhalten so die Be-
hauptung. ]

Hilfssatz 1.3.3: Auf OF,, erkliren wir den Vektor ]/\7m durch

Nm:Nm YRR
"ot

(Nndy - -, Nmk)T = G YNpt, ., Noi)"
G = (gmik)-

Dann st

/ (a, Npp)dOF,, Z / a Nm]w/gﬁF dsy...,ds,_1.
or,, R, (V)

v=1,...,

A~

Ny, ist orthogonal zu den Tangentialvektoren 0%y, /0s, an 0F,,, p=1,... k—
1.

Beweis: Zur Orthogonalitét: Es ist
Ot

N@a —0,1<p<k-1,
8Tm B 0T, (9tj
(9sp - 6tj 88[)’
0T, o O

(Nma —) - legl P
Js, J(?sp

oy 9

it = 0.
]&sp
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Weiter haben wir

(a, Ny) = agiNo,

= aijj.
[
Ist Jz  die zu @, : T,, — F,, gehorige Funktionalmatrix, so ist
Nm — meG_l(len ceey Nmk)T7
0T m ot
g 1<p<k-1.
0s,) Os,)
{N,, %i’l”, e %} sind stets eine Basis des Tangentialraums in 7, (¢(s)) €

O0F,,, wenn sie in diesem Punkt gebildet werden. Es gebe in t(s) € o1
eine Linearkombination

k-1 ot
j=1 !

Anwendung von Jz— liefert

J
j=1,..k—1 889
also \g = A\; = ... = M\;_1 = 0. Demnach wechselt det(G~(N,1, . .. Ny T,
88—;1, e 88‘275_1) auf 0T, niemals das Vorzeichen, wenn 07, wegweise zusam-

(v)

ml

sich stetig auf 97,, fortsetzen las-
(v)

menhingend und die Gradienten von 7

sen. Insbesondere ist dann V,, stetig auf 97,,. Fiir 7, 5, konnen wir T,,|0T},

m2
wahlen. Sei
ot ot
det(G7IN,,, =—, ..., ——) > 0.
( " 881 8sk_1)
Dann ist die Basis {]Vm, %?, L %} positiv orientiert und wir werden

N,, als duBere Normale an JF}, bezeichnen (im Tangentialraum an F,,. Ist
nun

ot ot
8817 Y 8sk_1
Oy,

so erklaren wir NV, = lea—tl durch

det(G™'N,,,
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(Nt -+ oy Not) ' = =G M Npr, -, Nyt T
und erhalten in Hilfssatz 1.3.3 die Formel

/ (a, ]vm)d(?Fm = Z /( )aijjw/gapmdsl c..dsp_q
OF,, . RY

V' 90F,,
/aF( 7 ‘daF =+ Z /@) Jij ooy ds1eodsi.

Unsere Ergebnisse fassen wir zusammen in
Satz 1.3.2 (Vorldufige Formulierung): Sei

1.1<k<n-—1,

2. es mogen die Annahmen des Hilfssatzes 1.3.2 gelten,

3. jedes 0T,,, 1 <m < N, sei Wegweise zusammenhéngend.
4

. Vr ) lasse sich stetig auf 8T fortsetzen, v = 1,...,N(m), m =
1,...,N, derart, dafl das Ergebnis stetig auf 07T, ist.

5. Sei o ot
det(G™~ Nm, —) >0
et 0s; 7 Osp_ 1) R
auf 97T}, so daB die Basis {N,,, 2= T %} positiv orientiert und N,),

aulere Normale an OF;, ist, sei weiter auf 8F7Sf ) baw. ﬁT,%V)

/98 7(7:/)
6' ‘N,:| - V gm\/gaTr(ri’)

Unter diesen Annahmen ist

A~

/ div a dQ, = Z(a, ],\\f—ml)daFm,
Fn

OF, Nm
d.h., daf$ der Satz von Gaufs fiir das k-dimensionale requldre Hyperflichenstiick
(Tm, T, Tm(Thm) = Fy) gilt.

Beweis: Folgt aus Hilfssatz [.3.3 und den darauf folgenden Erorterungen.
]

Es ist erwiinscht, die Voraussetzungen 5. und 6. im letzten Satz zu rechtfer-
tigen, doch ist dies bisher global, d.h. mit dem obigen Ansatz nur im Fall
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n = 3,k = 2 gelungen (s. meine Vorlesung Partielle Differentialgleichungen
IT (Potentialtheorie), Hilfssatz 5.3).

Wir wéahlen daher eine neue Methode, befassen uns zunéchst mit 5. und
denken uns 7, bzw. 8T7(ny) in der folgenden Weise parametrisiert:

Dann fithren wir aus praktischen Griinden die folgende Umbenennung:
Sy — 81,81 — S2,...,8¢-1 — Sp, t = s durch. Die Abbildung )

0|
Hilfssatz 1.3.2 ist die Identitat und

t t
(N, 86_52’ ol aa—Sk) = FE; = k x k Einheitsmatrix,
11
g 0
ot ot m
(GTIN, =—,...,=—) = ,
882 aSk Ek_l
ot ot
det(G7IN, —..... =) = ¢l
et "0sy ask) Im

Mit G = (gmir) ist auch G~ positiv definit und g!! > 0. Damit ist also N,,
dulere Normale und die Voraussetzung 5. gerechtfertigt. Nun rechtfertigen

wir 6. Es ist Gop) = 1,

0%, 0T,
9or, = det((ﬁya—tl)hgi,lgma

0%, OT,,
Im = det((?aa—tl»lgi,lgm,

Nl = Vil =%
Im

nach den iiblichen Regeln fiir die Inversenbildung. Damit gilt 6., d.h. \/gar,,/ (N, | =
V/9m/Tope fiir die vorhin eingefithrte Parametrisierung.

Definition 1.3.6: Es mdgen die Voraussetzungen 1. bis 4. aus Satz 1.5.2
gelten. F}, heifst orientiert, wenn T, beztiglich der dufSeren Normalen ori-
entiert ist, d.h. z.B. die Parametrisierung oben besitzt. Man sagt dann, F,,
hat die von T,, induzierte Orientierung.
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Satz 1.3.3: Es mdgen die Voraussetzungen 1. bis 4. aus Satz 1.53.2 gelten.
F, sei orientiert. Sei a Tangentialfeld aus C*(T,,). Dann gilt der Satz von
Gaufs:

Ny
/ divad) = / (a, )dOF,,
Fn, OFm |Nm|

Beweis: Folgt aus Satz 1.3.2. [

Definition 1.3.7: Es sei

N
M:UFm

m=1

eine K-dimensionale Flache des R". Es mogen die Voraussetzungen 1. bis
4. des Satzes 1.3.2 fiir jedes m,1 < m < N, gelten.M heifit orientiert, wenn
jedes F, orientiert ist und fiir jedes stetige Tangentialfeld a auf M die
folgende Aussage gilt: Es gebe m,l mit 1 < m,l < N, m # 1, und

v,umit 1 <v < N(m),1 <pu < N(l) derart, dass OF 3F Joilt. Dann
ist

E

)

/ (0, 2"\ doF¥) / (@, Nl)daF
aF(V) ‘ m‘ aFI(N) ‘Nl|

M heifit geschlossen, wenn M orientiert und

ist fiir jedes stetige Tangentialfeld a aufM.

Offenbar folgt fiir geschlossenes M aus dem Satz von Gauf

/ div adf) = 0.
M

Geméfl dem wohlbekannten minimalen Voraussetzungen im Satz von Gauf3
im Euklidischen, auf den wir den Beweis des Satzes 1.3.2 zuriickgefiihrt
haben, benétigt man im Satz [.3.3 nur
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a € CYF,)NC"E,),

diva € L'(Fy,).

Die folgende Skizze erleichtert das Verstédndnis:

84 n-Dimensional Polar Coordinates. The Laplace-Beltrami Ope-
rator

We start with the following definition:

Definition 1.4.1: Let x € R", x # 0. We set r = |z|, £ = ﬁ, and call

r, &1, ..., &1 the n-dimensional polar coordinates of x. Here &1, ..., & -1,&n
with
n—1
o= (1= &) or
i=1
n—1
fn = _(1 - 2512)5
i=1

are the coordinates of &.
Proposition 1.4.1: The integral
/ dx
lz|<1 /1 — |3§‘|2
exists as an improper integral as defined in 1.5.

Proof: Setting p(z,) = \/1 — 22 we can restrict us to the consideration of
+1 dz
———=dTn, p = p(zn), 2] <1,
Y
with = (21,...,2,-1) (cf. Tonelli’s Theorem). We have
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/ dx I / dx
= = P T
7l<p V/P? = |T[? @<t 1 —[Z[?
provided the integral on the right hand side exists; this follows from the
transformation rule. Since for n = 1 the assertion of our proposition is

valid, we can prove the assertion for arbitrary n by induction. L]

We now want to find an appropriate partition of S"~1 = {£[¢ € R", |¢| = 1}
into regular hypersurfaces. We set

Ty =Ty = {tlt = (t,...,t,_1) € R |t| < 1}.

Tl(t) = (.1111(15) = fl = tl, .’1,‘12(t) = 52 = tg, ceey

T1p-1(t) = &1 = tyo1,

n—1 n—1

ra(t) = (1= )P =01-) &),

i=1 =1

To(t) = (zan(t) =& =1, z2(t) =& =to,. ..,

Ton-1(t) = &i—1 = o1,

n—1 n—1
Eanlt) = (1= S €12 = —(1 - 3" g2)12),
i=1 =1

(€1,...,&1) =t € Ty, T4 respectively

Proposition 1.4.2: (T, 7,71, (T1)), (T, T2, To, (T12)) are almost reqular
hypersurfaces,

(1.4.1) Sl =TT UF,
with F1 = T1(Th), Fy = 15(Ts), F1 = T1(T1), F>» = 7o(Ty), OF = 7,(0TY),
OFy = T5(0T5); moreover

Fl HFQ = 8F1 N 8F2

Proof: We calculate the determinant (I.3.2). This gives
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1 0o ... 0 0, /0t
0 .. 0 0, /Oty
(1.4.2) 5 = z": AiD;(1).
i=1

0 0o ... 1 0&,/0t, 1
A Ao A Y An

Setting A\ = = A1 = O but A\, = 1 yields

D,(t) = 1.

Thus

Y Dit)>1,teTy j=1.2

Employing Proposition 1.3.1 with G1(z) = |z|> — 1 for F1, Go(z) = |z|> -1
for F5 furnishes

ni(§) =&, [§| =1, £ € Flor (€ F.
Thus

D, (1)
=S D €

with €, =1 or ¢; = —1 on Tj. Since D,(t) = 1 we get
n , L 1
(D Di1): = —.
B 1 1
(L= e (1= )y

According to Proposition 1.4.1 the function ). , Df(t))% is improperly
Riemann-integrable on 7j , j = 1, 2. All other conditions of Definition I.3.1
and Remark 1.3.1 respectively are trivially fulfilled. Thus (7%, 7, 71(T1)),

(Ty, T3, 72(Ty)) are regular hypersurfaces. The remaining assertions of Pre-
position [.4.2 are trivial. ]
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Now we are in a position to define the surface integral for a function f
with

JiF— R,

J iy — R,

which is continuous and bounded on F;, i = 1,2. We set

f&)dQ= [ f(E)du + [ [f(§)d,
€]=1 Fy Fy

/1= e
:/ Gy 12 "D e e
I \/1_2?:_1 £7)

g, —y /1= S e

+/ f(& & \/1 2 lg)d&...dﬁn_l,
7 \/1—217“1 &)

(1.4.3)

G 1= D
e

(e 61 -5 )
-Xine)

51---d§n—1 .

It is also clear how the Theorem of Gauf has to be applied to G = {z||z| <
1}. In what follows we will write dw instead of dQ if S"~1 = {£]]|€] = 1} or
Fy or Fy are concerned. Remind that the outer normal in S”~! has been cal-
culated in the proof of Proposition 1.4.2. If we consider Gy = {z| |z| < R}
and 0Gg = {¢||¢] = R} for some R > 0 then a simple calculation shows
that

(I.4.4)

/ f(&)d0 = R / F(RE)dw,
I{l=R 1€l1=1
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if £:0Gr — {£[€, = 0} — R is continuous and bounded. The outer normal
has the components %5 :

Now we derive some rules for integrals over GG, Gg, 0G, 0GR or related
sets. We start with

Proposition 1.4.3: Let D < a < b. Let f be a continuous real valued
function on {x|a < |x| < b} C R". Then

b
/ f(z)dx :/ el f(ré&)dw dr
a<|z|<b a |€]=1

Proof: We assume that 0 < a < b. Setting

& = ti,1<i1<n-1

(t, - tn1) € i =Tty = |2], a <, <D,

T =&t .ty — 1)

we have defined a diffeomorphism between T} X [a, b] and {z|a < |z| < b} N
{x, > 0} whose Jacobian is (r = |x|)

23 9En
Ta_ti P /]"a_tl
detﬁ(xh ,l’n) - o€, . ¢,
(9(t1, 7tn) Otn—1 otn—1
vy &
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= ¢~ 12@ t1s o tu1)Di(t, oo tat)

according to (1.4.2). From the proof of Proposition 1.4.2 we get

D;(tqy, ... t,—
Ei(tr, ooyt = € AUTEITU D, , 1 <i1<n,

(22;1 Dzz(th 7tn—1))%

for (t1,...,t,—1) € Ty and withe =41 ore = —1.

This means that on 73

oNxy, ..., x ool

thus the transformation rule gives

b
/ f(x)dz = / ! fr&(ty, . ta),
a<|z|<b,x, >0 a T

...Tfn(tl, ;tn—1>) )

.(Z D2(t1, ... . ta_1))?)

d(tl...tn_l)dT'

Setting &, = —\/1 — SN2 (4, . teo1) €Th = T4 we arrive at a similar

=1 Y1

formula for fa<|x‘<bx <o f(x)dz. Formula (I.4.3) completes the proof, since
the case a = b is the trivial one and since the case a = 0 is covered by a

limit process for feg\x|§bf(x)dx’ e — 0.

If n = 2 we easily get the well known formula

21
/ f(x)dz = / f(rcosp,rsing)rdrde.
a<|z|<b a JO
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Also the surface area w, of S"! is easily calculated with the aid of Propo-
sition 1.4.3. Setting f(t) = e, teR,
we get

f(|z])dx = (/ e P dt)" = wn/ r e dr
Rn _

—0o0 o0

Employing in both of the last integrals the substitution z — /x(z > 0)
and the formulara I'(z) = [~t*le7'dt, Rez > 0, we arrive at w, =
2(T(3))"/T'(%). Since I'(3) = /7 we obtain

LAY
TG

The next consequence of Proposition 1.4.3 is

Proposition 1.4.4 Let feC([—1,+1],R).Then the equation

/ f(&n)dw = w,q - FO)(1 — 2)=32g
Snfl

-1

holds.

Proof: We have

/Snl Fn)de = /2?:5 g1 \/1;2152

n—1 n—1
1= 3"+ f(—y | 1= D) d(&a-un)
=1 i=1

by (1.4.3). Using Proposition 7.4.3 in n — 1 dimensions we get
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I P ( er R i)
| r&)de = [ o e g

where, to get the second equation, we have introduced new variables by

setting s = /1 — o2 O

Proposition 1.4.5 Let f : S" ! — R be continuous. Let S be real
(n,n) - matriz with S*S = SS* =1, i.e.S is orthogonal. Then

f(5€)dw = f(&)dw

Sn—l Sn—l

Proof: We set g(x) = \x\f(ﬁ), |z| > 0. The transformation rule furnis-
hes

/ g(z)dr = / g(Sx)dr,0 < e < 1;
e<|r|<1 e<|z|<1

from Proposition 1.4.3 it follows that

/617“”_1 /Sn1 rf(§)dw dr = /61 ! /S”l rf(S€)dw dr,
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/ FOdw= [ F(SE)dw,
Snfl Snfl
since fel r’dr > 0.

Proposition 1.4.6: Let feC°([—1,+1],R). Let z be an element of R"
with |x| = 1. Then
1 n—3
f((2,8)dw =w,—1 [ f(H)(1 =177 dt.
1

Sn—l _

Proof: Let S be an orthogonal (n,n) - matrix with S*z = (0,...0,1).
From the preceding proposition it follows that

f((z,y))dw = f((x, Sy))dw,
Sn—l Sn—l

= f((57z,y))dw,

Sn—l
= f((én))dwv
Snfl
thus we get with Proposition 1.4.4
+1
f((z,y)dw = w1 FO(1 = tH=32q
Sn—1 -1
and our assertion is proved. ]

Now we introduce the Laplace-Beltrami operator on S™!.
Definition 1.4.1: Let f : S" ! — R be a continuous function. Let

@ : {z|reR"™ 2 # 0}— S"L be the function defined by p(x) = ﬁ We as-
sume that f o is twice continuously differentiable for x # 0 and set

ANFE) = Af o p(€),EeS™
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A is called the Laplace-Beltrami operator.

Proposition 1.4.7: We have
Afop() = = A E)

if ©# 0,2 =rf with r = |x|,eS™L

Proof: Setting g(z) = fo(z), v #0, g(r, £) = g(r@, r >0, NgeR”NWith
§ = (&1, &) we get (97/0&)(r,€) = r(0g/0x;)(r§), (0°g/0&F)(r.§) =

r2(0%g/023)(r€). Consequently

"1 9% =
Zﬁ 8_52 (r,§) = Ag(ré)

1=1

If geS”_l,é = g,x = ré we get

Since g(r, E) = §(1,§~),56R”, we obtain first in the general case and then

for £ = £eS™ ! the relations

Our proposition is proved.
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Proposition 1.4.8: Let: f : R" — {0} — R be twice continuously dif-
ferentiable. We set x = r€ if xeR™ — {0} with r = |z|,£eS" 1,

f(r,€) = f(r€),r > 0,ER" — {0}.

Then
(1.4.5) ANf(x)

9% f 1 of
— 8T§(T’ £) + "71 a—{ (r, &)+

of x=r& with r,& as above.
Proof: We introduce some auxiliary functions. Let

g(r,z) = (H)r>0x7é0.

If we consider r as to be the function r : R™ — R* r(z) = |x|, then we get
for g with g(x) = g(r(x), z) the relations

dg

0x;

of x=r& with r,& as abowve.

Proof: We introduce some auxiliary functions. Let
g(r,x) = f(r‘x—‘),r > 0,2 # 0.
x

If we consider r as to be the function r : R" — R* r(x) = |z|, then we get
for g with g(x) = g(r(x),x) the relations

dg _dg Or N Jdg
or; Or Ox; Ox;

0*q  0%g,0r , 0Og O*r 0O% 0%g Or
522~ ooz, T or o2 T a2 T 2orom on

2

2

Since we have 68; =& g; =1+ a;(—%)% =1 — 2 we arrive at
825_8gx+8g<1 x%>+82 +26( 8g>
ox?  or2 vz Or'r 3 Oz} ror 'O

Since g = f we obtain

—10 n 2
Af(r) = 55(ra) + == S ra) + 3 Sg(ra)t
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Since g(r, Ax) = g(r,z), A > 0, the equation
(14.6) Z(r, Ax) = 321y #%(r, Ax)Aa; = 0

holds for A = 1. Consequently

Since g(r.) = f(r,¢(.)) with ¢ as in Proposition 1.4.8 the expression
S 829(7“, z) equals to HA(f(r,.))(§) if x = r¢ with £eS™ !, r = |z|. But

i=1 22

~

sincef(r, &) = g(r,&),r > 0, £&S™1, our proposition is proved. ]

Formula (1.4.5) can also be written in the form

(LAT) Af(x) = SL(re) + 1 U (re) + LA(f())(©).

Application of the chain rule yields in the case n = 2 the formula A(f(r.))(§) =
0*f
9?
0, 0 < ¢ < 27 and if we set f(r,p) = f(r cos p,r.sin @) (which, however,
is not quite correct).

(r,p) if x =1 cos p,y =71 sin p,r = |z|,£ = % = (cos p, sin @), r >

Proposition 1.4.9: Letf : S ! — R be a continuous function. Let
¢ : {x|zeR",z # 0} — R" be the function defined by p(x) = e We
assume that f - ¢ 1s twice continuously differentiable for x # 0; then

| atp©av=o.
Sn—1
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Proof: We set g = f - ¢. Then
/ Agdr = / (Vg,7)dQ—
3<lz(<2 j|=2

_/| (Vg 7)dw.

In the first integral on the right side of the last equation v is the ou-
ter normal on (9, in the second me —~ is the outer normal on G%. On

|z| = 2 we have
(Vg, i
9.7 fof G

and m |z| = 5 we obtain

(Vg,v) = —ZZxZaxl

Formula (1.4.6) shows that in both cases (Vg,~) vanishes. Thus

02/5 x|<2Agdx_,/ nl/ £)dw dr
B / /S A(f)(€)dw dr

where we have applied Propositions 1.4.3, 1.4.7. Since f12/2 " 3dr £ 0 we
obtain the assertion. ]

Problem 1.4.1: Let f be as in Proposition 1.4.9. Shows that

/S AF)EF(E) dw < 0.

Problem 1.4.2: Let f,h be as f in Proposition 1.4.9. Shows that

/S (ACF)(E)R(E) — AB)(E)F(€) dw = 0.
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Mit Q-lichen Griifien
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