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Abstract. We study the variety of solutions of the inhomogeneous div—
curl problem in exterior domains in dependence on the decay conditions
on div and curl. Here we consider the Neumann as well as the Dirich-
let boundary value prescription where in the first case the topological
impact is decisive. In the second case the integrability conditions on
div, curl and the boundary values are more difficult. Finally we present
Holder estimates for the solution of the Dirichlet or Neumann problem
where it is unique.

1. INTRODUCTION

In electrostatics or magnetostatics it is a classical problem to determine a
vector field v by the presciption of div v, curlv and certain boundary values.
If the normal component (v, v) is given we speak of a Neumann problem; if
the tangential component v X v is given, the problem is called a Dirichlet
problem. A basic solution theory of these problems using the fundamental
theorem of vector analysis has been developed by Kress in [8] and has been
extended to exterior domains in [13]. There, in an exterior domain G the
condition

3 < A
divo,curlv € Lﬁf‘s(G), 0<d<dy, o€ (0, %),

is supposed, which means an averaged decay of |divv| and |curlv| stronger
than ﬁ, |z| — co. But these conditions can be weakened by modification of
the integral kernels which appear in the fundamental theorem. This method
goes back to a work of Otto Blumenthal [2]. There, a decomposition of
vector fields defined in the entire space R? into a source-free and a vorticity-
free component has been proved, where the (smooth) vector field is only
supposed to vanish at infinity. To obtain this, for the two components a
potential and a vector potential, respectively, are constructed, similar to the
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fundamental theorem, but without boundary integrals. An additional term
causes a stronger decay of the integral kernels and guarantees the existence
of the integrals under the conditions supposed.

In the present paper we use this method first to prove an existence theorem
for the div—curl problem in the entire space, where the data for div and curl
are assumed to have decay of order O(ﬁ) at infinity for some g > 0. By
extension of the data and correction of the boundary values by harmonic
vector fields with strong decay, the Neumann and also the Dirichlet problem
for inhomogeneously harmonic vector fields can be reduced to this result.
Supposing 8 > 1 the solution becomes unique within a certain class. In
the case 0 < 0 < 1 the solution may increase sublinearly. Of course, there
also exist solutions with stronger asymptotic increase. Here, we study the
asymptotic behaviour and the variety of solutions in dependence on § > 0.

To investigate the topological influence we consider the simple handle
model (see [10, p. 224]) and ignore the abstract definition of the Betti num-
ber, but we note that this model cannot be applied to all domains in R3 (cf.
[4]). Here, the first Betti number of a domain G' C R? is understood as the
number of handles, i.e., the number of equivalence classes of simply closed
curves in G which are not null homotopic in G. From Alexander’s duality
theorem we know that the number of handles of G is equal to the number of
handles of G := R3 \ G. The second Betti number of G is, in our terminol-
ogy, the number of bounded, connected components of the complementary
domain G :=R3\ G.

In the last paragraph we give some Holder estimates for the Neumann and
the Dirichlet problem in the case 1 < § < 3.

Solutions of the div—curl problem in exterior domains and their Holder
estimates are an important tool to study force-free magnetic fields (cf. [7]).

The Dirichlet problem for Poisson’s equation Au = f in exterior domains
is treated in [12]. This covers the case where v = Vu is conservative.

Formulation of the problems. The problems we are going to solve in this
work are the following. The notation is explained in the following subpara-
graph.

Problem E (div-curl problem in the entire space R3). Assume 3 > 0,

feCL:®RR), |f(z)]=0(z|?), x| — oo,
we CYR3,R?) N CLy(R3RY),  |w(z)| = O(lz]7F), |z| — o,
with
divw =0 inR3.
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We search for a vector field v € CIH¥(R3,R®) satisfying

unif
divo=f and curlv=w inR3

and certain asymptotic conditions.

Problem N (Neumann problem for inhomogeneously harmonic vector fields).
Let G C R? be a bounded domain Awith smoo_th boundary, first Betti number
7 and second Betti number zero, G :=R3\ G, >0,

f€Chu(GR), |f()] = O(2[7), x| — oo,
w e CHG,R*) N Cy(G.RY), Jw(@)] = O(|z|™), || — oo,
w with zero flux in G,

g€ %G, R).

Furthermore, letT'1, ..., Tz €R. We search for a vector field v e Ci:l? (E, R3)
with the properties

divvo=f, curlv=w in G’,
(v,v) =g on 0G,

/ <yxv,3j):Fj, j:1,...,T~L,
oG

where (3;)j=1,..7 15 a certain basis of the space of so-called Neumann fields
in G; see 2.

)

The condition “w with zero flux” means that for any closed, oriented
surface S C G with outer normal v there holds

which implies divw = 0. In the case of an interior domain G instead of G
the additional condition fG fdx = |, o 9S82 is necessary for the solvability of
the Neumann problem (N) and 3; is replaced by j3;.

Problem D (Dirichlet problem for inhomogeneously harmonic vector fields).
Let G C R3 be a bounded domain with smooth boundary and first Betti
number 7 and second Betti number zero, G :=R3\ G, 3 > 0.
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Suppose
feCuu(@R), [f@)] = O(a|™"), 2| — oo,
we CHG,R?) N Cipy(GLRY),  [w(x)| = O(|z|™), |z| — oo,

w with zero fluz in G,

v e CH(0G, R3) with (v*,v) =0 on dG.

Furthermore, let E € R. We search for a vector field v & Ci;?(é, R3)
satisfying

divve = f, curlv = w n G,

*

VXU =7y on 0G,

/8G<U7V>d9 = E.

The integrability conditions of the Dirichlet problem (D) are more com-
plicated as in the case of the Neumann problem (N). They will be treated
in Section 3. It will turn out that here the first Betti number 7 of G is not
relevant. But the variety of solutions of (D) is determined by the second
Betti number of G (cf. [13]). In this work we do not consider this influence
as we suppose GG to be a domain.

The asymptotic behaviour of the solutions of these problems will be stud-
ied in Section 3.

General assumptions and notation. In the following, we assume G C R3
to be a bounded domain with smooth boundary; by “smooth” we mean
sufficient regularity of G without fixing the exact class of regularity. In all
cases considered here the class C® will be sufficient.

Furthermore, G means the exterior domain of G; i.e., G :=R3 \ G. v de-
notes, if not explicitly defined otherwise, the outer normal with respect to G.

Furthermore, we suppose that the handle model can be applied to 9G.
The term “simply closed curve” shall be made precise here: We denote a
curve to be simply closed, if it is closed, imbedded into a surface, and is the
boundary of an oriented surface piece.

A closed surface S is here the smooth boundary 9D of some bounded
domain D C R3, where D always lies locally at one side of the boundary.
Then, in particular, S = 9D is orientable.
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The Euclidean scalar product in R? is denoted by (-,-), i.e., <:c,y> =
Z?:l xjy;. For a differentiable vector field B, the Jacobian matrix will be
denoted by DB. For multi-indices a = (a1, az,a3) € N§, we set

olal

For a continuous function or vector field f in some (bounded or unbounded)

D&f . la| :=a; +as+ag, al:=ajlalagl.

domain G we set ||f|lcog) = sup|f(z)|. Furthermore, for a function or
z€G
vector field f and k € N
-
la|=Fk

Hoélder spaces are the appropriate function spaces in classical potential the-
ory. Let G C R? be a domain. For a function or a vector field f € C*(G)
and 0 < a < 1 we define then

K
[ fllerraqgy = ZHDJfHCO(g) + [DF floe (), (1.1)
=0

where

a a
[Dkf]ca(g) := max sup ‘D f(.CE) D f(y)| )
lal=k z,yeg ‘:L‘ - y‘a
Distinguishing between local and global Holder continuity, the following no-
tation is customary in the literature (see [5]):
In the local case the condition || f||ck+a(x) < oo holds for every compact

subset K C G and f belongs therefore to the space Ck*%(G) := C{f)'ga(g).
If, however, the uniform condition

Hf”ck+a(§) <0

holds, f is said to be f € C***(G) := C*2(G) and C*£*(G) is a Banach
space with the norm defined in (1.1).

For every f € C'*(G) there exists an extension f € CHO(RY), ﬂG =f
such that

Florem < alflprag, Tloe < alfleg (12

with some constant ¢; > 0 independent of f (see [5, Lemma 6.37]; the
unboundedness of G is here not relevant.). We note that this construction
is linear.
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Concerning the boundary 9G of G (or G) f € C'**(dG) means f oy €
C1*(U), where pu : U — 9G is a local chart of G. The corresponding norm
| - llc1+a(a) therefore depends on the chosen atlas.

In addition to the Holder norm we need in exterior domains also a weighted
norm characterizing the asymptotic behaviour to obtain global estimates for
potential theoretic problems. Here we set for a function or a vector field f
in G and 6>0

£l == sup || £ (x)].

zeG

If ||| f]llg < oo we also write |f(z)| = O(|z| =), |z| — .

The differential operators V, div and curl are understood as usual. In
the integral kernels V, div, curl denote the corresponding derivatives with
respect to & and V', div’, curl’ the derivatives with respect to z’.

For tangential vector fields a defined on surface pieces S C R? one can
define the operator Div a as follows. Let x : Q C R? — S, (t1,t2) — x(t1,12)
be a local chart,

gij(t1,t2) = (0%, 0,x) (t1,t2) (i,j=1,2)

the corresponding Gram’s matrix with determinant g = det(gi;)i; ,

a(X(tl,tg)) = Z(L]’ (X(tl,tg)) . aa_tX (tl,tg)

Jj=1

a continuously differentiable tangential vector field on §. Then we set

1 &9 (VIe)
Diva = NG ; 78@ .

For C*! vector fields v which are defined in a neighbourhood of G with outer
normal v there holds the equation
Div (v x v) = —(v, curlv). (1.3)
We use the abbreviation r := |z — 2|, if 7 is not explicitly defined otherwise.
For R > 0 and zg € R? we set Kr(zo) := {x ER3: |z — 20| < R}.
2. ASYMPTOTIC BEHAVIOUR OF HARMONIC FUNCTIONS AND VECTOR
FIELDS. NEUMANN AND DIRICHLET FIELDS

From classical potential theory the following theorem is well known:
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Theorem 2.1. Let G C R? be a bounded domain with smooth boundary,
G :=R3\ G and g € C°(OG,R). Then the Neumann problem or Dirichlet
problem

Ap, =0 in G, L= N,D,
(Von,v)y =g on 0G or
¥YD =49 on 0G, respectively, (2.1)
lo(@)| = Ozl ™), || — oo, 1=N,D,
V(@) =0z 7%),  [2] = oo, L=N,D,

has a unique solution pN € CQ(G,R)OCl(E, R), vp € CQ(G,R)HCO(E, R),
respectively.

Lemmas 2.1, 2.2, 2.3, 2.4 and Theorem 2.2 to follow characterize the
asymptotic behaviour of harmonic functions and can be proved by means of
Green’s formula, the mean value theorem, spherical harmonics or Poisson’s
formula. We may omit the proofs.

Lemma 2.1. Let G C R? be a bounded domain, G :=R3 \ G, and ¢ €
C%(G,R) N CO(G,R) with Ap = 0. Suppose furthermore

lo(z)| = O(|z|%), |z| — oo for some 3 € (0,1).
Then there exists some ug € R with
olx) — g, Jz] - oe.
LemmaA2.2. Let G C R3 be a bounded domain, G = R3 \ G, 3 € R,
€ C%(G,R) with Ap =0 and
(@) = O(z%), |a| — oc.

Then
IVe(z)] = O(z"), 2| — .

Lemma 2.3. Let G, G and g be as in Theorem 2.1, and let ¢ € 02(G,R) N

01(5, R) be the unique solution of the Neumann problem (2.1). Then the
following equivalence holds:

/angQ —0 = p@)] = 0(al?), 2] — .
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Harmonic vector fields (i.e., div and curl vanish) with zero normal com-
ponent at the boundary are called Neumann fields. More precisely, we make
the following definition.

Definition 2.1. Assume G C R3 to be a bounded domain with smooth
boundary, first Betti number 7 and second Betti number zero, G := R3\ G,
w>0.

NHR?) = {v e CY(R*R?) : dive = 0, curlv = 0,
[v()] = O(|z|"), || — oo },
NH(G) = {ve CLG, RN CO(E,Rg’) :dive =0, curlv =0 in G,
(v,v) =0 on dG, |v(z)| = O(|z|"), |z| — oo},
NG = {ve NH(G) : v without circulation },
3R(G) = {ve CYG, RN CO(E,R3) dive =0, curlv =0 in G,
(v,v) =0 on G, |v(z)| = O(|z|~2), |z| — oo}

Here, “v without circulation” means that for each simply closed and
piecewise-continuously differentiable curve ¢ C G

b
Jvds = [ sy = o,

where v : [a,b] — G is a parametrization of £. In particular, this implies
that v is the gradient of some function ¥ € C*(G, R).

To construct a basis of the space BR(G) consider the n topological inde-
pendent simply closed curves /¢1,...,¢; in G which are not null homotopic
in G. (See the paragraph “General assumptions and notations.”)

There also exist n closed curves él, e ,fﬁ in G := R3 \ G having the
corresponding property in G.

Concerning the curves ¢1,...,¢; and Zl, ..., 05 we further assume that
the surface piece F;, whose boundary is /;, has a positive orientation with
respect to the orientation of ¢; (cf. the right-hand rule) and is penetrated by
éj in exactly one point. There, the orientation of fj is chosen in such a way
that éj intersects F; under an angle < 5 with the normal 7; on Fj, and after

interchanging ¢; and éj, etc. also, the corresponding condition is satisfied.
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Fig. 1 Fig. 2

Now assume an electric current flowing along ¢;. Then the magnetic field
v; induced by this current is, up to some constant multiplier,

1 1
vi(z) = cull— [ =ds, x € R3\ trace 4;,
7 4 T
where r = |z — 2/|. This equation is the so-called Biot—Savart formula. The
field v; is harmonic for ¢ = 1, ..., and satisfies

/vidg = 0, ,j=1,...,1;
l
see [13, p. 96]. Considering the restriction vi|5 and adding the gradient of

a harmonic function ¢; in G satisfying

<V‘Pi= V>|aG = _<”iv’/>|aG
we obtain that 3; := v; + V; is a Neumann field in G with
[jid§'= dij, h,j=1,...,7. (2.2)
g,

J

This construction yields us a basis {31,...,3a} of the space 3g(G) of Neu-
mann fields in G. By an analogous procedure, interchanging ¢; and ¢;, G
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and G etc., we obtain a basis {31,-.-,3a} of 3r(G), which is the vector space
of Neumann fields in GG. There holds the equation

/ <yx;,i,;;j>d(2:/;;jd§:5ij, iji=1,....n (2.3)
oG 4

(cf. [8, (5.18)] and [13, Lemma 1.3.1]).

Remark. dim 3(G) = 7.

Lemma 2.4. Let G C R3 be a bounded domain with smooth boundary,
G :=R3\ G, us € R3. Then the problem

u = Ve,

Ap = 0 in G,
(u,vy = 0 on 0G, (24)
uw) — ue o] — o

has a unique solution.

Using the results above and a classification of harmonic polynomials (cf.
[11]), after some technical calculations we arrive at

Theorem 2.2. Let G C R? be a bounded domain with smooth boundary,
first Betti number i and second Betti number zero. Let G := R3\ G, k € Ny,
B €10,1). Then

(i) dimN*(R3) = k> +4k + 3,
(ii) dimANF(G) = K +4k+3,
(iii) NG = NEG),
(iv) NEEB(G) = 3(G) @ N(@),
(v)  dimN*T8(@) i+ k% + 4k + 3.

Remark. There also exist Neumann fields which increase more strongly
than every polynomial. One can even prove that for every monotonically
increasing function & : [0, 00) — [0, 00) there exists a Neumann field w in G
and some R > 0 with the property

lw(z,22,0)] > k(y/2?+23) for zi+a3 > R

In order to investigate the Dirichlet fields which form the zero space of the
Dirichlet problem (D) we need some nonstandard lemmata of which we will
also give proofs.
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Remark. Let G C R3 be a bounded domain with (C*-)smooth boundary
and ¢ € C*(0G,R). Then there exists an extension @ € C§(R3 R) of ¢ (i.e.,
Ploc = ¢).
Lemma 2.5. Let G C R? be a bounded domain with smooth boundary,
G = R3\ G, and v* € C1(0G,R3) a tangential field; i.e., (v*,v) = 0 on 0G.
Then the following holds:

There exists a function ¢ € C?(0G,R) with extension ¢ € C2(R3 R) and
the property

v X Vol,, = 7% (2.5)

if and only if

Divy* =0 and V3 € 3r(G)U3R(G): / (v,3)d2=0.  (2.6)
oG

Proof. (a) We suppose ¢ having the properties mentioned above. Conse-
quently
Divv* = Div (v x V@) = —(v,curl V) = 0.

A~

For 3 € 3r(G) U 3r(G) we have, moreover,

/<v*,5>d9=/ <V><Vso,z>dﬂ=/ (V@ x 3,v ) dSd.
oG oG oG

In the case 3 € 3r(G) Gauss’s theorem yields
/ <V¢x3,u>dQ:/div(V@ X 3)dz = 0.
oG G
and in the case 3 € 3R(G) we obtain for sufficiently large R > 0

/ <V¢>><;,,y>d9_—/ div (V@ x 3) dz = 0.
oG Kr(0\G

(b) For an arbitrary vector field v we have U‘BG = (v, v}aGW + X (v!aG xv).
Since v* is a tangential field, there holds the equivalence

uxV@!aG =7 & I/X(V(/_)‘HGXV):(Z/XV@‘aG)XI/:’}/*XV,

where v X ng‘ ac X V 1s the tangential derivative of ¢. Thus a function ¢ €
C?(0G,R) with the properties mentioned above exists if and only if for every
closed and piecewise-continuously differentiable curve C with trace C C G

the condition
/ (v*xv)ds = 0
C
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holds. Let w € CZ(R3,R) with w‘aG = ~v* x v. Condition (2.6) yields on 0G
(curlw,v) = —=Div (v x w) = —=Div (v x (y* x v)) = —Div~y* = 0.

(1) Assume C to be a smooth, simply closed curve in G which is null
homotopic in dG. Then there exists some compact A C 0G with dyag A =
trace C, and from Stokes’ theorem we can conclude

/('y* xv) ds = /wdé’z :l:/(curlw,y> dQ = 0.
C c A

(2) Now, concerning the case of non-null homotopic curves C in G, we first
investigate two special cases:

Consider the jth handle of G. On its boundary there exist, up to homo-
topic equivalence, two closed curves C; and éj, where C; is null homotopic

in G but not in G and (fj is null homotopic in G but not in G (see Figure

3). Moreover, C; and fj are homotopic in é, éj and ¢; are homotopic in G.

Figure 3 Figure 4

From [8, (5.18)] and [9, Satz 6.5] we know, since <curlw‘aG, v) =0,

/wdé':/ <1/><w,3j>dQ:/ (7,35 ) d2 = 0. (2.7)
¢ oG oG

J

Applying this argument to K(0)\ G with R > 0 sufficiently large, we obtain

/wd§—/ (wa,3j>dQ—/ (v*,3; ) dQ = 0.
C; oG le

J
(3) By approximation of piecewise—continuously differentiable curves by
smooth curves we can prove

/(7*xy)d§':/wd§:0
c c

for every curve C which is homotopic in G to any curve considered above.
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(4) By introducing connecting paths, every simply closed curve can be
decomposed into curves such that each of these is equivalent to some curve
we investigated in (1), (2) and (3) (see Figure 4).

Therefore, we have
/ (v xv)ds =0
C

for all closed curves C in OG, and the function ¢ can be defined by the curve
integral. O

Corollary 2.1. Assume G,G and v* to be as in Lemma 2.5. Then the
following holds:

There ezists a function ¢ € C’Q(E, R) with

AYp=0 inG, vxVip=7"ondG, [P)=0(z|™), || — 0, (2.8)
if and only if the conditions (2.6)1 and (2.6)2 in Lemma 2.5 are satisfied.
Proof. This is an immediate consequence of Lemma 2.5 and Theorem 2.1.

Lemma 2.6. Let G C R3 be a bounded domain with smooth boundary,
G :=R3\ G, E €R. Then the problem

Ap = 0 in G,
vxVe = 0 on 0G,
@) — 0, || — oo, (2.9)
/ (Vo,v)dd = E
oG

is uniquely solvable. The solution ¢ satisfies the asymptotic condition
()] = O(lx|™!), |z — oo

Proof. (a) We consider the solution ¢p of the Dirichlet problem (2.1) with

g = 1, where obviously ¥ x Vop = 0 on dG. The maximum principle yields
<V<pD,V> < 0 on 0G.

In accordance with Lemma 2.4 we have < Vyp,v > # 0 on 0G. Thus

Mo :—/ <V<pD,z/>dQ <0
oG

and ¢ = nﬂo pp is a solution of the problem.
(b) Now let ¢ satisfy the conditions (2.9) with £ = 0. Because of the
second condition we have go‘ oc = co € R. The fact that E = 0 and the

maximum principle yield go‘ o = 0 and finally ¢ =0 in G. U
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Analogously to Lemma 2.4 we have the result

Lemma 2.7. Let G C R3 be a bounded domain with smooth boundary,
G :=R3\ G, us € R3. Then the problem

u = Vo,
Ap = 0 n G,
vxu = 0 on 0G,
(2.10)
/ <V<p, l/> ar = 0
oG
u(x) — Uoo, |z| — o0

has a unique solution.

3. SOLUTION THEORY FOR PROBLEMS E, N AND D

Lemma 3.1. Assume (3 > 0.
(a) Suppose f € C&(R3R), |f(z)| = O(|z|7?), |z| — oo and

unif
1 1 1
e _ v/i _ v/_) / d /
u(z) An /Rg( iz — 2| ) S de
for x € R3. Then u: R? — R is continuously differentiable satisfying
divu = f, curlu = 0 in R3.

(b) Suppose w € CHR3,R3) N C2
with divw = 0 in R3, and
v(z) = ! w(z') x ( 4

47 R3

(R*,R?), |w(@)| = O(|z]77), |z — o,

1 1
- v/_) d /
EErd @] )

for x € R3. Then v :R3 — R3 is continuously differentiable satisfying
dive = 0, curlv = w in R3.

In the case 3 > 1 the term V' in the integral kernels may be omitted.

Ed
Proof. For z,2' € R3, 2 # 2/ # 0 we set

/
1 1 _ z; — ) x
! ie, Kj(z,a) J

/.
J

K N .=V _ .
(m,:z:) \x—az’|3 + |:c’\3

o=
Therefore, we have

|| |z| 2||
/’2

|Kj(z,2")| <

3.1
Sl )

jz — 2?2’ e =2
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For any bounded domain G C R?® with 0,2 € G and § := min{dist(0, 9G),
dist(z,0G)}, p,q > 0 with p 4+ ¢ = 3 we obtain

1 > 8w
dz' < 8 ——dr = —07°. 3.2
/Ri"\g |z — a!|p - |2 |a+B T ﬂ/(s r3+06 " ] (3.2)
We now define
S (z /K z, ') f(a')dx', S1a(x) = K(z,2')f(z') da’,
R3\G

So1(z) = / w(@') x K(z,2')dz’, Soea(x) = / w(z') x K(z,2') dz’.
g R3\G
Existence and differentiability of $12(z) and S (z) are guaranteed by (3.1)
and (3.2); existence and differentiability of J7;(x) and o1 (z) are well known
from potential theory ([15, Satz 3.3], cf. [10, 2.4.6.]).
(a) We first consider 4ru(x) = S11(x) + S12(z) for € G. We have

o~ . f(wl) / " /i /
Su(r)= -V ; dr’ — /gf(ﬂc) \Y 2 dx’,

|z — 2|

and thus ([15, Satz 3.4])

div 391 (= —A/ o $/| =4nf(z), curl $q1(z) =0.

Since = € G we have, moreover,
1

div Sa(z) = — /Rs\g £ - (Am ) da' =0,
and, again by differentiation under the integral,
curl Spa(z) = 0.
(b) We now consider 4mv(x) = So1 () +Se2(x) for z € G. A short calculation

yields
/
1
o1 () = curl/ w( ), dx’ —/w(:z:') x V'— da',
g lz—2a'| g ||

and therefore
div Sgl(ﬁ) == O,

curl S91(z) = 4drw(z) + Vdiv /g |;U(—x2/| da’ (3.3)
1 / / /
= drw(z) — V oo m (w(&),v(£)) Y,
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where we used divw = 0. Now we investigate the integral Jga(x). There
arises, again after some calculations and using divw = 0,

1

div Sz :/ w(z), curl V de’ =0
)= [, et Vo)
and
/ ! ]‘ /
curl Soa(z) = / curl (w(:c ) X Ve ) dx
R3\G |z — 2|
] (3.4)
— V Aw él ,V gl dQ/
[ € e)
From (3.3) and (3.4) we can conclude curlv = w. O

Lemma 3.2. Assume 3 >0, f € CO(R%,R) and |f(z)| = O(|z|77), |z| —
0o. Let

1 1 1
— | f@@)- (V'i — V'—) di'  for0< <1,
w(z) = 417r R3 ]:):1— ol Ed
— f(2') V' ———da' forl < B < oo.
Am s | — 2|
Then

(O |$|1_ﬂ), |z| — 00, for 0<p <1,
O(In|z]), |z| — 00, for f=1.

71), |z| — 00, for 1< (<3,

—)7 ‘.ZC‘ — 00, fOT‘ ﬁ =3,

—), |z| — o0, for 3< < oo.
\ x|

The corresponding estimates also hold for v as in Lemma 3.1.

Proof. (a) Suppose 0 < 3<3,0<d <, 2z €R3\ {0}. We obtain
1

1
@)V ——d'| < |||f / - 4
y&hm)<> — Ws o =

171l 1 470°F|l|flls 10

(3.5)

<53 ——dr <
=02 22 Ji, o) P " = (L= 023~ B)
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since |¢'| < d|z| and |z — 2| > (1 —6)|z| for 2’ € K4 (0).
For 0 < 8 < 1, we have furthermore

‘/ )V
- E

in the case § = 1, however, for arbitrary dp > 0 and |z| > %0

1 / /
K510 (0) |2/ K5, (0) 17| K1) (0\Fg, (0)  12']

8|
< .
am (80 oo + 1711 - "5 ). (3.7)
For 2" € Kj|y(z) we have |2'| > (1 —¢)|x|. Thus, for [x| > 0 and arbitrary
6 > 0 we arrive at
1 4md
fa')y v dr' | <

Furthermore, for 0 < § < 1, there holds

[ s <l [ /|~ daf
K512/ () W (=) e|<|e/| <(1+8) 2]

(P (=)0 I flls e for0< <1,
~ am s, for = 1.

47T51_
< S IFATIERNE (3.6)

g - Ll 7. (3-8)

(3.9)
Now we define T := R? \ (Kj5(0) U Kgy4(()),
Iyi={a' el :|z—2a'|<|2|}, To:={a' €Tl :|z—-2|>||},
and obtain for p,q >0, p+¢ =3 and 3 > 0 (cf. (3.1), (3.2))

|z] / / 2] / / |z] / 1-8

dz' < ——d dz .
ﬁﬂx—wwwwww S A P Rl M -ﬂW"

(3.10)

Finally, the statement follows from (3.5), (3.6), (3.7), (3.8), (3.9), (3.1), and
(3.10).

(b) Suppose again 0 < § < i, B > 1, and define I" as in the proof of (a).
We now have

/ ! 1 /
. <

Wills o 87 Il
< . .
e P S G
(3.11)
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From (3.5), (3.8) and (3.11) we obtain the desired estimate for the case
1< B <3.
In the case 8 = 3 we have for arbitrary dp > 0 and |z| < %0

/ /
‘ f(I/) RV / da’ S/ |f(x )/|2dx/+/ |f($)/’2dx,
Ks5)2/(0) |z — '] Ks5,(0) |z — '] K512 (0)\ K3, (0) |z — |
Ar6y IS llso dr |Ifllls . dlz]
. . ln——. .12
S30-02 e TA-02 JaP T (3.12)

In the case § = 3 the desired estimate follows from (3.8), (3.11) and (3.12).
Now assume (3 > 3, let Ry >0 and 0 < o < £ Then 2’ € K,(0) satisfies

|z —a'| > |z| — |2/| > |z| — o, and for |z| > Ry and thus |z| — o > 3|z
we have
1 1 40)3 o
‘/ f(:vl)'vl /d$/ < 2‘/ f(l',)d$/ < ( U)gﬂ—H{H .
K, (0) |z — 2| (Jz| =) 1k, (0 33|z
(3.13)
We define
I' = R\ (K,(0)U K (z)),
I = {a' € I:|z—2]< 2’| }, [y = {a' € L:|z—2a]> 2’| }
and obtain
N oo L / / I f1ll g / A I f1ll g
. dx'| < — __dr' < .
| 1Y o= | < [ e S e e
1 Al f1ll s o, 167 Il f1ll 5
f(z') V——da'| < / dr’ < — - .
e 22 S, WP S oo P
(3.14)

From (3.8), (3.13) and (3.14) we can conclude the result for the case § > 3.

Theorem 3.1. Assume § > 0 and the assumptions of Problem E to be
satisfied.

(a) If 0 < B < 1 there ewist solutions v € C1T*(R3 R3) of Problem E
satisfying

()| = O(\m|l_ﬁ), |x| — oo for B < 1,
v O(Inlz]), |z] — o0 for B =1.

The solutions of the homogeneous problem are constant vectors.
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(b) If B > 1 there exists a unique solution v € C1T*(R3 R3) of Problem
E satisfying

1
O(xlﬁ_l), |z| — oo forl< B <3,
|
o@)| = op%%y 2l oo forf=3,
1
O(W), |z| — oo for B > 3.

Proof. The existence of the solutions follows from the Lemmas 3.1 and

3.2. The uniqueness can be proved by Green’s formula or by means of

Theorem 2.2. ]
These preparations lead us to the solvability result of Problem N.

Theorem 3.2. Assume § > 0 and the assumptions of Problem N to be
satisfied.
(a) If 0 < B < 1 there exist solutions v of Problem N satisfying

o) = O kl—ee ors<i,

B O(In|z|), |z| — o0 for g =1.
The general solution of the corresponding homogeneous problem (f = 0,
w=20,g=0,T; =0) is a three-dimensional real vector space. Two

solutions v1, vo of the same inhomogeneous problem are equal, if

vi(xz) —ve(z) — 0, |z|— o0.
unif

(b) If 1 < B < oo there exists a unique solution v of Problem N satisfying

1
O(W), \x!—>oo f07"1<ﬂ<3,
In|z
lv(x)] = O(_|:z:]2|)’ |z| — oo for B =3,
1
O(W), |z| — o0 for B> 3.
)Iff=0,w=0,T1=---=T3=0 and/ gdQ) =0, then even
oG

o)l = 0(y), el = oo

ER

Proof. (1) We choose Ry > 0 such that G C K, (0), and set G := Kg,(0)\

G. Let f € C*(Kg,(0),R) be an extension of flg to Kg,(0) and A €




1366 M. NEUDERT AND W. VON WAHL

C?(G,R3) a vector potential of w with extension A € C?(Kg,(0),R?) to
Kp,(0). Then
3 w n é,
w o= - —
curlA inG

is a continuously differentiable extension of w to R3 satisfying divew = 0
in R3. Now let @ be a solution of Problem E with prescriptions f and w
according to Theorem 3.1. Furthermore let ¢ = pn € C?(G,R) N CYHG,R)
be the unique solution of the Neumann problem (2.1) according to Theorem
2.1 with the boundary value prescription (Vp,v) = g — (4|ag,v). Thus,
u = @ + Vi satisfies divu = f, curlu = w in G, (u,v) = g on OG and the
asymptotic conditions for |z| — oo.

Let I}, ..., T be the generalized circulations of u; i.e., [, (vxu,3;) d =
;. We set

n
v() = u(w) - > (T - T3
j=1
for z € G. From equation (2.3) and 3j(@)] = O(|z]72), |z| — oo, we
conclude that v is a solution of the Neumann problem (N).

(2) Now let u be a solution of the homogeneous Problem N. Since u is
without circulation in G, there exists a potentlal (VNS 02(G R) with u = V¢
in G. Because of divu = 0 we have Ay = 0 in G, and therefore also AV = 0
in G.

In the case |u(z)| — 0, |z| — co we have u = 0 in G according to Lemma
2.4. If, however, we have |V¢)(z)| = O(|z|™), |z| — oo for some 3y € (0,1)
there exists, according to Lemma 2.1, us € R3 such that

Vip(z) — Us, |z|]— 0.
unif

Now Lemma 2.4 yields the rest.
The statement of (c) follows from Lemma 2.3. O
Now we are going to investigate the integrability conditions of Problem D.

Remark 3.1. The condition
Div~y* = —(v,w) on G

is necessary for the solvability of Problem D; cf. equation (1.3).
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Lemma 3.3. For 8 > 1 the condition

Gen@: [wid+ [ Grara = o
G oG
1s necessary for the solvability of Problem D.

Eroof. Without restriction assume 1 < ﬁA< 3. Let R > 0 be such that

G C Kg(0). Let 3 € 3r(G), curlv = w in G and v x v = v* on JG. Then

we have

/ (curlv,3 ) dx = / div (v x 3) dz +/ (v(z),curlj(z) ) dx
GNKRg( $ ¢

0) GNKR(0) GNKR(0) ~ ~——

:—/8G<v><3,y> dQ) +/8KR(O§U(§) x3(§),§>d9.

According to the assumption there holds
[(w(@),5(2))| = O« "), Jo(@) x 3(x)| = O(|z|" ")), |2] — oo,
and thus

!
lim (w,3) dx :/ (w,3) dzx, lim ((vx3)(£), = ) d =o.
R—00)GnKr(0) e R—00 oK (0) R
This implies the statement of the lemma. O

Obviously the condition in Lemma 3.3 can not be extended to the case
B € (0,1). In what follows, we look for a suitable generalization which also
holds in that case.

Lemma 3.4. Suppose G and G as in Problem D; assume G C R3 to be a
bounded, simply connected domain with smooth boundary and G C G.

Let u € CY(G,R?) be a vector field with

Ve GNG: curlu(z) = 0.
Then
(i) Div(rxwu) = 0 ondG,
(il) Vj € 3r(G): / (v xu,3)dQ = 0.
oG

Proof. Equation (i) is clear. We determine I'y,...,I'; such that @ :=
u+ % Ty 3; is without circulation in G NG (cf. (2.3), (2.7)). Let ¢ €

C2(G NG, R) be a potential of &. Assume G’ C R3 to be a bounded, simply
connected domain with smooth boundary satisfying G € G’ € G’ C G, and
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let 1[1 € C? (5, R) be an extension ofzﬂémg,. Then for sufficiently large R > 0
and arbitrary 3 € 3g(G), we have

/<yxa,3>dﬂz/ <uxV@E,3>dQ:/ (V) % 3,v) d
oG oG

oG
~ , ~
:/ (V9 x 3)(E), %) dQ’—/ div (V) x 3) dz = 0.
OK 1(0) R Kr(0)NG

Since [3(z)| = O(|z|™2), |z| — oo for } € 3r(G) we obtain

V; € 3r(G) : / (vx3,3)d2 = 0, j=1,...,7, (3.15)
oG

and we can conclude equation (ii). O

Lemma 3.5. Let the assumptions of Problem D be satisfied and G be a
bounded, simply connected domain with smooth boundary and G C G. Fur-

thermore, let wo € C3(G,R3) be a vector field with zero flux and

VregnaG: w(x) = wo(x).
Then the condition
Gen@:  [wi) o+ [ ¢ira = o
G oG

is necessary for the solvability of Problem D.

Proof. Let vo € C?(G,R3) with curlvg = wg. Then for arbitrary 3 € 3r(G)
Lemmas 3.4 and 3.3 yield

/8G<7*73>dQ:/aG<VXU’3>dQ:/@G<VXUO’3>dQ:_/G<w0’3>dx' m

Remarks. (1) For any w as in Problem D such a corresponding wy can be
obtained by construction of a CZ extension of a vector potential of w‘ éng-

(2) The condition wy € C} (5, R3) can be replaced by
wp € CYG.E), Jug(a)| = O(j2 ), [o] = o0, A>1

ccording to Lemma 3.4 the value of [+{wq,3 )dx does not depen
3) A di L 3.4 th 1 fJa 3 Ydx d d d
on the special choice of wy.

Theorem 3.3. Suppose the assumptions of Problem D to be satisfied. Let
Div v* = —<u, w> on 0G.
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(a) Let 0 < B < 1. Assume wy as in Lemma 3.5. If

Vi € 32(C) /G<wo,z ) dz+/ae<v*7z ) d2 =0,

then Problem D has a solution satisfying the asymptotic conditions as in

Theorem 3.1. The general solution of the corresponding homogeneous problem

(i.e., f=0,w=0,9g=0, E=0) is a three-dimensional real vector space.
(b) Let p>1. If

%€ 3m(C) : /é<w,z ) dx+/ (v".3) d2 =0,

oG
then Problem D has a unique solution satisfying the asymptotic conditions
as in Theorem 3.1.

Proof. As in the proof of Theorem 3.2 we extend f and w by f and w
to the entire space R3. Then let ¢ be any solution of Problem E with the
corresponding asymptotic behaviour according to Theorem 3.1.

Then we have Div (1/ X 17) = —<1/,w> on JG and

VeegnG: culi(z) = w(z) = w(z) = wo(x). (3.16)

Now we set
r, := / (v —vx10,3;)dQ, j=1,...,7,
oG
and for £ € 0G
YHE) = 7€) = (&) x B(E) + D Tjv(€) x §(6).
j=1
Then, from (2.3), (3.16), (3.15) and Lemma 3.5 we can conclude

Div v =0, / (7,35 ) dQ :/ (v™*,3;)dQ =0, j=1,..,
oG oG

Let 9 be any solution of Problem (2.8) in Corollary 2.1 and ¢ the appropriate
solution of Problem (2.9) in Lemma 2.6. Then

;z

7i
vooi= 6‘GA—ZFj§j+Vw+V<p
j=1
is a solution of Problem D with the corresponding asymptotic behaviour.
Now let u € C'(G,R?) be any Dirichlet field; i.e.,

divu=0, curlu=0 in G, v xu=0 on dG.
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Since u is without circulation in G there exists a potential ¢ € C?(G,R)
satisfying Ay = 0 and v = V¢ in G, and @D’aG is constant. In the case (b)
Lemma 2.6 yields the uniqueness.

In the case (a) the solutions of the homogeneous problem are those of
Problem (2.10) in Lemma 2.7. O

4. HOLDER ESTIMATES

The aim of this paragraph is to transfer the Holder estimates for the div—
curl problem for inhomogeneously harmonic vector fields in interior domains
which are already known (cf. [3]) to the exterior case. To realize this, an
additional term characterizing the asymptotic behaviour of the data must
be introduced. Of course, the uniqueness of the solution is necessary for the
existence of such estimates. Here, we treat only the case 1 < 3 < 3.

Lemma 4.1. Let 3 > 1, f € C% . (R3R), £lllg < oo,

unif
1

1
d:R> - R D(x):=— - Nz dx'.
— R, ®(x) yp Rsvr(w,x)f(:v) x

Then ® € C&IJE?(R?’,R) and there exists some c(a, 3) > 0 independent of f
satisfying
1@l cr+amsy < e, B) - ([Ifllcas) + I fllls)-

This lemma can be proved by methods which are similar to those of [5,
Lemma 4.4]. We may omit the proof.

Lemma 4.2. Let G C R3 be a bounded domain with smooth boundary,
G :=R3\ G, f € C*G,R). Let furthermore

1 1
:R* >R =/ — " dz'.
PR SR (o) = - [ o f@) e

Then the following estimate holds:
1l sre g < (@6 - Iflloey

This is a classical potential-theoretic result and can be proved by the aid
of the Holder—-Korn—Lichtenstein—Giraud inequality, the jump relations and
estimates up to the boundary for second-order elliptic differential operators
(cf. [1, part II, chapter 5]).
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Lemma 4.3. Let G C R? be a bounded domain with smooth boundary,
G=R’\G, B> 1, f € Cq(G,R) with ||| [l 5 < oo,

R 1 1
. . R3 — = / ’ ’
¢: G — R’ P(z) : 4w/évr(x,x)f(x)dx.

Then there holds the inequality
e, < B0 (fllug + I171s).

This is a consequence of the two lemmata above and the extendability
result of [5, Lemma 6.37].

Lemma 4.4. Let the assumptions of Problem N be satisfied, 3 > 1, g €
C1*(0G,R). Let v be the unique solution of Problem N according to The-
orem 3.2 (b). Then ~v* := v X v satisfies the following integral equation:

7+ (€)=~ vl€) x ([ V7 (60 fa)

) “ ) (4.1)

- [V xul@)d + [ V)9 an),
a T oc T

where £ € 0G, r = | — |, r = |€ — &'|, respectively, and

B (€) = —5- [ v x (V1 (6:€) x () ds,
™ Jog r
At this occasion we remark that the boundary integral in equation (4.1)
only exists in the sense of Cauchy’s principal value, whereas the integral
in the definition of Ry* exists in the L' sense (cf. [15, Satz 4.4] and [13,
Definition 1.3.2]).

Proof. Suppose R > 0 such that G ¢ Kg(0) and set GB) := Kg(0) \ G.
In [13, Satz 1.3.6] the corresponding integral equation has been proved for
bounded domains. We apply this result to G®) and let R tend to oco. ]

Theorem 4.1. Let G C R3 be a bounded domain with smooth boundary,
1<pB<3,veCYG,R3) with

(@) = O(|z|~P=Y),  |dive(z)], curlo(z)] = O(|2| %), |z| — .



1372 M. NEUDERT AND W. VON WAHL

Then for x € G we have
o) == [ V@ )dive(e)de’ + 5 [ V1) x el do
]‘ !/ / / /
I A CORERICTE
i [ V@) x () x ule)) .
ag T

Proof. The corresponding statement for G®) follows immediately from the

fundamental theorem. The limit R — oo then yields the formula above. [

Theorem 4.2. Let the assumptions of Problem N be satisfied, 1 < 8 < 3,
g € C1T¥(0G,R). Let v be the unique solution of Problem N according
to Theorem 3.2 (b). Then there exists some constant ¢ = c(«a, 3,G) > 0,
independent of v and the given data, such that

10l grsag + Wellls1 < ¢ (1l gz, + 178 + 0l g, + el

n
+ llgllorragae) + > ;1)
j=1

Proof. (a) Let v* := v X v|sg. Obviously v* € C*(0G,R3). From the
boundedness of [|v*||c1+aag) we later conclude v* € C(0G,R3). The
operator R is a compact operator in 7co(0G), where

Tc0(0G) = {v* € C°(0G,R*): (v,v*) = 0}

is the space of continuous tangential vector fields on 0G; cf. [13, Satz 1.3.7].
There it has been shown that A (I +9R) = {v xv : v € 3g(G)} and the Riesz
number of R is 1. Here, I denotes the identity, N'(I + PR) the zero space,
R(I 4+ fR) the range of the operator I + R in 7o(0G). If the regularity
of the boundary is sufficient, we have N'(I +R) c C'*t*(0G, R3). Riesz’s

decomposition theorem then yields
To0(0G) = N(I+R) @ R(I +R)

with the closed spaces N'(I + ) and R(I + R), which are invariant under
the operator I + 9. Thus, for any tangential vector field v* € C1T(9G, R?)
there exists a unique decomposition

Y=+ NERUI+NR), 1 eNI+NR).
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One can prove that (cf. [6, Satz 6.2])
R(Tco(0G) N CHH(OG, R?)) C To(9G) N C*H(0G, R?)
and
Ry |c2taaa) < cla, G) [V lcr+a(aa
for any v* € Tco(0G) N CT*(0G, R?). The imbedding
C*T(0G,R?) — CM™(0G,R?)

being compact, the operator R is compact with respect to the norm
| - llc1+a(ag). Therefore, there exists some constant ¢ = c(a, G) > 0 such
that

(I +R)7i llere@a)y = cllillereoa)
for 4f € R(I +R) N CH(0G,R3). For the generalized circulations of v;

F] = / <7T’5]>d97 J=1...,n,
oG
there holds an estimate

L5 < (@) Inilleoay < e(G) M llereaac).

Hence, we obtain

7i
| batan == s o5 = wx (D0 -1)5).
As a consequence of this we have

n
HW;”CIJ”"(aG) < anXﬁHV X 3jHCl+D‘(6G) . Z |F] — F]‘

<, G) - (O] IT51 + IWiller+aac )
=

and therefore

7 ler+aoa) < ela, G) - (I + Ry lcraae) + Z IT5]).
j=1
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(b) Applying the Schauder estimates for boundary-layer potentials (cf.
[16]) we obtain

1

v_('u gl)g(§/> dQ/

H oG r

V(€)% (¢) a

H oG r
Because of the quadratic asymptotic decay of the integrals there also hold
estimates of the form

m/v €)dY|[oes < e(B.C)llgllcrreoe).

H!/aGV;(-,5’)><’y*(£’)d£2’wg1 < ¢B,G) |7l crteqon):

Lemma 4.3 yields

15 (@) ey < 0BG (I gy + I1115),
1
Hévwwr W@) 40 ) < 0 B.G) - (0] gy + el

r

i@ S c(a, G)lgller+aoc),

Cl+a(@) < c(a, G) 7" ler+eac)-

The estimates in the proof of Lemma 3.2 yield

I [ 95 Car@)alllss < ) - ISl
mévawwxmwMWWIS c(8) - llwlls

(¢) From Lemma 4.4 and part (a) of the proof we arrive at

17 loraaey < (@ 8:G) - (Iflug + 115 + 0l gy + el

+llgllcriaae) + Y IT5l)
j=1
Finally, using Theorem 4.1 and the estimates in part (b) of the proof, we
conclude

[0 gnsa@, + Mellsr < (@ 8,6) - (1 gz, + W5 + el g, + ol

+lglloriagaey + Y Tl). O
j=1
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Remark 4.1. Concerning Problem D we obtain instead of Lemma 4.4 the
integral equation

g(&) — Rg(§) =% <u(§),/év% (&, ') f(z') da
1 ! ! / ! k ! /
—/GV;<s,x>xw<x>dx—cur1/ (6.€) 7' () asY),

1
G T
for £ € 0G, where g(§) = (v(£),v(§)) is the normal component of the vector
field v in £ € G and

89(6) = - [ ()Y (6.€) 9(€) as.

27 oG

The estimate corresponding to Theorem 4.2 is
[ollgray + Melllsr < (e, 8.0) - (Il + s+

+ Wl o + lwlls + 117 lerve e + 1B
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